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Q Qf min{E(x,v)~=[d(X, Y)] | 7t coupling}

N c RQXQ/
=0 > For Metropolis chain on colorings:

2y N5 =1 W(vP,v'P) < (1 — 9—;?) W(v,v’)
O Mixingwhenq >4A+1©

Time-reversal: Path coupling lemma

Suppose for all adjacent Xo ~ X§ we

H(X)H(X,U):Ho(y)l\io (Uax) can Couple X1)X§ St
Qlx,y) Q°(y,x)
> Design technique: N — NN°

> Examples: Glauber, etc. Then W(vP,v'P) < (1 —c) W(v,v').

E[d(Xy, X7)] < (1 = c)d(Xo, X3).
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the one defining drv
Possibilities for d(Xy,X7):

> 0 (picked i =3)
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> 2 (different replacements)
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Lo+l 2y (141G = 1) <1-8/n
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> Useful for spin systems. Example: hardcore

Spin systems i:i T:i m
B0 graph G = (V, E)

ox 1 ox A A2
local interaction Q;={0,1} oy :?\:V by = T —xuxy
v )
u(x) = HV oy (%) - Hu~v¢uv (Xu»xv) fugacity

O I — il =0wheni¥j
> 7Jis weighted adjacency matrix

Example: coloring

(> Q; = [q]
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> Useful for spin systems. Example: hardcore

Spin systems E:I T:i m
H—C graph G = (V, E)

1 A A?
e‘e = Q=071 x---xQn B e 0t 2350
local intfroction Qi ={0,1} by :?\:V Wy = | — 7%y
r(x) =TT, dv(xv) - T Ty Prv (xuy xv) fugacity
D> 79[ — i = 0 when i ] Example: Ising
& 7Jis weighted adjacency matrix G Qi ={«£1} O—0O
= h
Example: coloring B v =expl T"XV) .

C Q;=Iq] external field O—O
(D buy = Tlxy 7’5 X I:I (B2 buv = eXp(BkLvXuXv)

I adj/(q —A) ferro/anti-ferromagnetic interaction
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J

O LargeAis hoTrd. e

max ind set is NP-hard
> For what Ais it easy to sample?
> Dobrushin: 7 < ¢ - adj where ¢ =
drv(Ber(0), Ber(A/(1 +1)))

> When A < (1 —8)/A, col sums are
<D 1+>\ <AMKT1-%6

> Mixing in O(nlogn) steps. ©

> Thisis NOT the tightest result.
Dobrushin is suboptimal.

& We will see later
A< (1—=08)A:(A) = fast mixing
for a specific critical threshold

Ae(d) =~ £

> On the opposite side, [SIy10]
showed it is NP-hard to sample
when

A (1+8)Ac(A)
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O—O > We have
. Efy | X o) = £ = tanh(c)
H—@ wherec =h, + Y | BuvXu.
tanh T
Rx) o expl(y LBy + Ly oy

symmetric matrix ‘

> Ferromagnetic: all B >0
g P > Sowegetdj —1il <

& Anti-ferromagnetic: all B <0 ftanh (B )—tanh(— By, < Bl
2 i

O Sherrington-Kirkpatrick: random
> When B has £ row/col norms
< 11—, have fast mixing. ©

> Can be asymptotically tight for
certain f (Curie-Weiss).

> Note: every 2-spin system is a
(limit of an) Ising model

10/14



\Dobrushin++ /

Why not d other than Haomming?

1/14



\Dobrushin++

Why not d other than Haomming?

> For c € RY,, define c-weighted
Hamming as

dix,y) =2 {ci | xi #yi}

1/14



\Dobrushin++

Why not d other than Haomming?

> For c € RY,, define c-weighted
Hamming as

d(x,y) = 2 {ci [ xi #yi}
& Take Xo, X differing in j. Will
produce coupling of Xy, X}.

1/14



\Dobrushin++

Why not d other than Haomming?

> For c € RY,, define c-weighted
Hamming as

d(x,y) = 2 {ci [ xi #yi}
& Take Xo, X differing in j. Will
produce coupling of Xy, X}.

1/14



\Dobrushin++ /

Why not d other than Haomming?
> For c € RY,, define c-weighted
Hamming as
d(x,y) = 2 {ci [ xi #yi}
& Take Xo, X differing in j. Will
produce coupling of Xy, X}.

> Pick some coord i. Maximally
couple replacements.

1/14



\Dobrushin++ /

Why not d other than Haomming?
> For c € RY,, define c-weighted
Hamming as
d(x,y) = 2 {ci [ xi #yi}
& Take Xo, X differing in j. Will
produce coupling of Xy, X}.

> Pick some coord i. Maximally
couple replacements.

1/14



\Dobrushin++ /

Why not d other than Haomming?
> For c € RY,, define c-weighted
Hamming as
d(x,y) = 2 {ci [ xi #yi}
& Take Xo, X differing in j. Will
produce coupling of Xj, Xj.
> Pick same coord i. Maximally
couple replacements.
O We get E[d(Xq,X])] <
04 & X (e + 906 — iles)

1/14



\Dobrushin++ /

Why not d other than Haomming?
> For c € RY,, define c-weighted
Hamming as
d(x,y) = 2 {ci [ xi #yi}
& Take Xo, X differing in j. Will
produce coupling of Xj, Xj.

> Pick same coord i. Maximally
couple replacements.

> We get E[d(Xq, X7)] <
O Contraction: ¢J < (1 —28)c

1/14



\Dobrushin++

Why not d other than Haomming?

> For c € RY,, define c-weighted
Hamming as

d(x,y) = 2 {ci [ xi #yi}
& Take Xo, X differing in j. Will
produce coupling of Xj, Xj.

> Pick same coord i. Maximally
couple replacements.

> We get E[d(Xq, X7)] <
Contraction: ¢I < (1 =9)c
When this happens,

W(vP,v'P) < (1 =6/n)W(v,v’)

\VAV,

1/14



\Dobrushin++ /

Why not d other than Hamming? Implication for mixing

B> Forc € RL,, define c-weighted G Y ey B ——
Hamming as
d(x,y) :Z{Ci|xi #ym} tmix(e)zo<%|0g<n.cmax>)
€ * Cmin

& Take Xo, X differing in j. Will
produce coupling of Xy, X}.

> Pick some coord i. Maximally
couple replacements.

O We get E[d(Xq,X])] <

% -0+ % Zi;ﬁj(cj + I3[ — iley)
Contraction: ¢J < (1 —=96)c
When this happens,

W(vP,v'P) < (1 —=6/n)W(v,v’)

\VAV,

1/14



\Dobrushin++ /

Why not d other than Hamming? Implication for mixing

B> Forc € RL,, define c-weighted G Y ey B ——
Hamming as
d(x,y) :Z{Ci|xi #ym} tmix(e)zo<%|0g<n.cmax>)
€ * Cmin

& Take Xo, X differing in j. Will
produce coupling of Xy, X}.

& Pick same coord . Maximally
couple replacements.

O We get E[d(Xq,X])] <

% -0+ % Zi;ﬁj(cj + I3[ — iley)
Contraction: ¢J < (1 —=96)c
When this happens,

W(vP,v'P) < (1 —=6/n)W(v,v’)

O Slightly careful about ¢max/Cmin.

\VAV,

1/14



\Dobrushin++

Why not d other than Haomming?

> For c € RY,, define c-weighted
Hamming as

d(x,y) = 2 {ci [ xi #yi}
& Take Xo, X differing in j. Will
produce coupling of Xy, X}.

> Pick some coord i. Maximally
couple replacements.

> We get E[d(Xq, X7)] <
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When this happens,
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Why not d other than Haomming?

> For c € RY,, define c-weighted
Hamming as

d(x,y) = 2 {ci [ xi #yi}
& Take Xo, X differing in j. Will
produce coupling of Xy, X}.

> Pick some coord i. Maximally
couple replacements.

> We get E[d(Xq, X7)] <

T 0+ L3 (e + 90 — iley)
Contraction: ¢I < (1 —298)c
When this happens,

W(vP,v'P) < (1 —=6/n)W(v,v’)

\VAV,

Implication for mixing
Given ¢J < (1 —8)c, we have

n N - Cmax
mix = —
tmix(€) O(é og(E.Cmin>)

> Slightly careful about ¢max/Cmin.
> Influence matrix Jis > 0. “Optimal”
choice of ¢ by [Perron-Frobenius]
theory is the Perron eigenvector:
cJ = Amax(J)c
> We can apply Dobrushin++ as
long as Apmax(J) < 1
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mixing time: contraction Entﬂf[ﬂ = E,[dp o f] — G(E,[f]).

> dyy is too crude; doesn’t contract

every step > When ¢ is convex, ¢-entropy is
M , > 0 (Jensen’s inequality).
T v > Equal to 0 when f is constant.
drv(vP,v'P) = drv(v,Vv’) usually f in the literature
Fix: use a proxy for d :
- (> Wosseprsteig distor;l;:\é
0> divergences, variance, entropy For measure v and dist u define

t
functional analysis

D (v | u) = Ent |
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Contraction: D (vP || ) < (1 =208) Dy (v || n) for stationary w.

Variance Entropy
d(x) ==x? d(x) :=xlogx
O Ent?[f] = Var,[f] O Ent®[f] = Ent,[f]
O Dop(vIw=x*(w > Dy(v 1w =Drelv |
> Itis a proxy by Cauchy-Schwarz: & Itis a proxy by Pinsker:
arvtvw) < O(yhe v ) drvin ) < O(VDalv )

ion: |
o Contr?ction related to eigs of P. > Contr?cﬂon. very hard|

, L , called modified log-Sobolev inequality
called Poincaré inequality s



