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#Coloring:942A = tmisMetropolis) =Glnign) ⑧

-Dobrushin: M on x--- Non -TimeReversible: eigenvalues are real

TTs+i] = max]d/m.1x.,mxi) (x9x3 1DXnk.... X, **,
=1

hm:If columns of I sum to 15
- Spectral Gap:142 or max (Xz(/nl)

-> tmix (Glamber) =0 ( nign 18)
- Relaxation Time:trite

a proxy for tmix

* Coloring:9)2A -> tmix=0g(nign) Plan for Today
* Hardcore: x < *-> tmix=OgInign)
=> Ising:91jD15 ->tmix=0 In1qn)

-Relationship between tmixs free

- Dobrushin ++: > Xmax)1) -Intro to functional analysis
CHIRg" with CI-lc - Fourier analysis
= WirPr'P) blI-SLWIver'

>cweighted Hamming distance



Eigenvalues & Mixing Time Def: 1UII"= Evil
~Thistris?

Suppose UP=AV for 147, ve4" I

"vll" NVI but IXUll=INNIUll,
xVIF= UP*= v7 - vitso a

a

Def: 1vI, =EPReIvi)I+mIvill
- >

Claim: Etmix (9) =1IvP*II, 1.819).Dull, Now if titmix (2) we have

Proof: Let v ==xV,-ar2tibvg-isV4 for
IIF NUll

=DUPHI <>01E). WVll,
> 1x1* =0(2)

v1/Vz/Vs,Up dists:ViEIB vi7tsI
* Corollary:1x<1.*

Holds even when

for eigenvectors
other

vive discoint supporta=AVl=2x than me if ergodic.

S.M Sc
M

upt=a (PE) + is (vuept) * Corollary:1M <l) iconst
*1UPH1, < 4.812) +3.8K) =8 (2). NVII, 1<1 -0).i) susually not tight



Example. (Hypercube) ·Baioioio."
Intro to functional Analysis

mix(a=0 (niguxulg t I I
Question:Can we bound mix by tree."
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Gx2
= Prel=81ning- tra -0(n) Idea:Contraction of proxy for div

Example. (Dobrushin)
Def: IfDivergence) convex function 5:

PSIrIIM):=ECSHKl)-fIECL)Suppose & Itjeil l >1.s - "My

Glamber 1 when v is dist
&

-tmix- & (usg, ns Proxyfor dIVIVIM)
&-0

=Pres =0) niristal tridMs) Note:We define it for any WIGI where

V/M takes values in domain of 5.

AW: What happens for Dobrushintt?
fact:I convex -Ds(UIIM) >0

man (5) <1-8 - Pres +0I?)
Proof:Jensen's inequality! I
Remar:- strongly convex -DI0 < V=const. M.



Fact:Suppose NOIREX is now stochastic. Note that

noise or Narov chain
d

so
[ENI=IUNS

=EUigns.IE
Then B,N-DSCUIIM

Data processing ineg. Ex. mC vx)-
Proof: We apply Jensen's again: TIXI):-MANI) Therefore DgCUIM)> DIUNIMN) TS

- T(Xly)

Nlyl_ rRNAisEd, Remar:This is extremely useful for

Marnor chains constructed as PINN.
-> 5(l) is [TIxly91) =

Contraction of either Nor NO--
It CLM)) < [TITI1y)]sI*). contraction of p
Yomr X- marginal of it, In lots of scenarios N by itself easier
Imarginal ofI i.e. M(x)

to analyze!
IECSIoikil). Remar:We usually want is where

r <> some fund of Do



Popular Choice 1: (F1 = x") Popular Choice 20 (f = x1gx for x 30)
PSIUIIM =28TM)

"divergence
DCWIIM-DIVIMUL-divergence

Also called Varyvariance Also called EntC entropy

- Note that I can take to values too here.
- Note that can take 30 values but

doesn't need 60 sum to 1.

-Alternative formula: -Formula for distU: PrecullM):IE.[Ig10]

CYTHIIM)= IE,mSU-E.Iras,3 The (Pinseer'):For u a dist, we have

dVLUM)2UIM.
Thm: For u a dist, we have Proof:Define noise operator that maps x to

divIU.M) <trhm)
o If UC) > MM) and 1 if (x) <M(x).

drIUN, MN) = drIveM), DINUMN) aDuGUlm).
Proof:Apply Canchy-Schwarz: I enough to prove on its Toll

IdIUM) - ELUI-MM- E.SI-ll) frm The rest on HW.



Functional Analysis: These inequalities are related to

Show contraction of some Dg: Poincare 8 MLS5
↓

DSCPHM) = PLNPHMP) < (I0) D91011m) future: cent time

=> PSCUPPM) - (I-05Ds 1011M) Spectral gap E) Contraction
of 22

Variance / 22 Entropy / Duc Suppose NolRuexe is rowostrchastic and
tC rolM. tsiolme dz2) i dist on it. Let m'=MN and NYbe

time reversal of N wrt M.

-> d/rpt, M) <3 -divLroPY,M) 23
Dr: diagonalmatrixrag. Dms: diagonal matrics

How large can recallm) How large can Dacrolim)
witha'on diag.

be? Lolyamin be? Igu("sky,am
in

PuN=(DMN)- NYDm
formula for 17:Suppose a sums to 0.

Six81mil) this0)tmil)
2.(IM) =112 Duti



for such a r we have 150 too, Proof:Let v=UDu"2 - change of variable

So CTUNIMN): HIND,f 11. Let A=DNDuit. Then

What is supt nyv" vDinitso].
Note thatsupS IFENDmitEIvIoY? but- onNovomPr=prrs

NO
is a symmetric matrix and similar to

This isequal to INNC). NNo, so has same eigenvalues.
⑪ [if time ... ] AnDt-Deet x eigenvector for

eigenvalue 1.

Contraction for arbitrarya contraction for to
So we are looking at

Pariance =1-xz (NN supfrAnir/V orthogonal to to 3eigenvector

Corollary :Timereversible: ↓2)AAT =JINNG) s
12) P2) = max(zINSY,XnINS)



ourier Analysis Example. (CY Cle)

# Sup. I choose v noteFinite Abelian group:GFEXTx...Xm wp choose - I

with: component wise addition. "God .
..

↑are dist it over G.
fact 1: M =uniform always stationary

a
think sparse support Fact 2: i symmetric E) time- reversible

I

TTE) =TTC-2)
We get an Abelian wale:

&
random sample Fact 3:support is generate G- irreducible.

X->X+2 from it

Thm:Regardless of IT, eigenvectors are

·FoilExample.G = 22" 0 lo

I I fixed; they are characters of G.T: SUP E Choose (0-c0);
I ⑤xo

wp.tn choose 2,710,--+1,+0000 of 1

Def: (Character):22: G -K* St.

This is Glamber dynamics. 22(x+y) =31(x) ]Cly).



Example. (In):
Thm: If P is an Abelian walk,

Pick WORSE. WE1.
a Wr everycharacter it is an eigenvector.

O B d

Then 20(x) =10
&
is well-defined. ofI

-
· I ReP) (9) = [CKXIPIxc" &

⑤ ⑤

All characters are SpeCx Tly · x) =ITR21y-2)

UCx) =exp12Ttx)s wtx x +G Z

= INRISIS"219).( C
ICharacters of Enx-XIn corresponding eigenvalue.

20(xp--Xu) = wtx.- - cutee
Since there are n.- ne many,

bhest

There are exactly "He such
characters.

are an eigenbasis!

.EC.22


