
Review - Coloring : If q≥ 4A -11 we got
•

Wlup ,vP)≤ (1-9%1)When'tear
'

k- Designing Chains : µqp% Noir
≥. Metropolis# in

↑
noise

'

- Path Coupling ; If d is a shortest -Path metric,

1-11×1 y) : -_ mix)N(My] Ñlysx) = IT/✗ ly) enough to look at adjacent starts .

Time
-
reversible chain : NÑ with stationary M ✗ =✗

.
- ×

, uxz
- - - - - Xe=✗

'

Examples : Glauber dynamics, block dynamics, W(1×91 ,iP,§§W4×fH×i≤ 4-Fd / ✗ i' ✗ in)
delete /add or add /delete in 5-Ty HW = 4-c) dlxix

')

hit and run, restricted Gaussian , Plan for Today
Langevin dynamics

- Coloring with 972A-11
- Transport /Wasserstein : _ Dobrushin's conditions

Wlv , v4 .-min-E-f.dk/YI] / "" ✗ "°
' } * Hardcore model

- Contraction of W ⇒ mixing time bound * Ising model

strategy : Couple two ✗
◦
→ × '

- Intro to Spectral Analysis
✗ i→×

,

' for all

deterministic pairs (Xox ! ) of start . - Fourier analysis
☒ [dlxvxi ) ] < 11 -c) dcxoii)



Path Coupling for Colorings [terrain] Metropolis mixes fast .

What about Glauber dynamics?

Take adjacent colorings ×
,
, ✗i.←

even improper
- Use comparison_ future lectures

✗
◦
( w ) = a Xilw)=b K≠b]

_ Use Dobrushin 's conditions
↓

differing vertex .

Product Spaces

Coupling :

- Pick same vertex v. Suppose µ is on R=r,✗ - -
- ✗In -

→

- If v=w
, or vxw , pick same

C- g,_ , in coloring .

- If vnw : good bad
Glauber dynamic :

pica ; war. ✗
i-th index

c: g , z, _ _ , ai
- - Tbi - - ' %

✗=/ ✗(1) , - , ✗Cm) ⇒ ✗1=1×411-12 , -111m)

c
'
: 4,12

, _ ,
a#b ,- it z is sampled from i-th marginal of M

Conditioned on Xa) ) -Nti-D)✗ ( in ) , -1111N .

lE[dlxpxi)] ≤ I -¥n .

E- A

PickingWE
+ Fig

Def : call this Mil - 1×1- it) .

g-2A
= I -
-nq

. Goal : Show contraction of W based on

Hamming dist : d(NXJ=#{i : Xli )# ✗fit} .

As long as 932A -11 ⇒ tmi✗=0(% - Ign)
9-92A



Dobrushin's Influence Matrix Informal Tnm : If I is
"

small
"

⇒ fast mixing .

Adjacent Xix! unique j where ✗G)=/ ✗Ij) . Example . µ is uniform over § , in .

We write ✗ g. ✗
'

.

I[j→i]=◦ ⇒ 1=0
Influence : How much do marginals differ in

Example . Coloring with a palette of q
colors .

Glauber when resampling cord
i.

Mil . / ✗ til) : = uniform overI[j→i ] =
11 , - sq } - { ✗ (v) / v neighbor of i} .

maid,↓ Mitt ✗1- ibm ! -1×1-iD / ✗ g. ×
'

} .

What is I[j → i ] :
Note : The value of Xli ) , ✗

'

til do not matter
,

{
* ixi : ◦

so thine of X, X
'
as in -9 " - - ✗Rix -Hi

* j ~ ; : q÷☐ I≤¥j A
↑ ↑

Note : We have I[ i→i ] = ◦ . entry-wire adjacency
g.colj

Worst-case happens matrix
when neighbors of i

Influence Matrix : have diff. Colors in

row i→[ ICj→i] ] -

both ×, × !



Thin : If columns of I sum to ≤ I -8 Corollary : For coloring I≤ ¥☐A , so
⇒ W/up, vb) ≤ It - E.)Www

'

) column sums ≤ £☐= , _ 922T¥ .

Ene.
For q ≥ 2A-11 we

have 1- -q?☐,Proof : Use path coupling : %.
×!

Contraction of W ⇒
✗
◦
→ ×

,

*→ ×
,

' } "PK 1-
mix -010k¥, - nlgn)

- Pick same cord i
Dobrushin matrix is very useful for

- Maximally couple replacement spin systems / graphical models / etc .

→the one defining .

, . )
MMM , -111nA ✗ 01,1×1111×1211.121×131) - - -

-

d (1%1×1)=1
E- [dlxpxi )] ≤ In ✗ ◦ + [ ᵗn×(HI[j→i]) If i and j conditioned on everything else

i≠j independent ⇒ I[j→i]- ◦ -

picking
'

↑

= ^÷ + ÉI§ ≤ \ - § .

this happens when i,j do not appear
in the same factor



Example . (coloring) - Large ✗ is hard ←
Max indep . Sets

Define A :[q]2→{oil} as Alas b) ska-1-9 - Small ☒ is easy :

I >

µ ✗ to / ✗lullXM)
•-

• Icj → i / =

[
Hi ◦ \

8€ 1¥unv iuj : ¥,
one factor→ /? Worst case : neighbors unoccupied
per edge •_•

I ≤ ¥ . ,A ,
so column sums are

Example .
( Hardcore model)
,
=p , ,}

"

adj
Mi independent sets 5 of graph

w . prop ✗ ✗ 1st . ¥÷ ≤ xD .

←
•→

[↑\ / \ / ✗ ≤ 4-skis ⇒ tmii-oln-s.hn ) .

o_0 o_0 0T¥
8=1

×
Remark: This is not the correct threshold

!
G o

←
will see

put IT;f(Nil) - ¥,
91×1%1×51) 'F ✗ ≤ Its)XdD) ≥ § ⇒ fast mixing later

✗ ≥ Its)tdA) ⇒ NP-hard ! [ Sly]Ya ¥1



Example . ( Ising model ) corollary .
If l, norm of B matrix ≤ I -8

µ on 5-1-13
"

with
⇒ tmix-Oln-s.tn )

MIND >→ Nm) ✗ exp /[ Bijllilxlj)-1,2h ,
inj_ Corollary . If

Bij are supported on A-Max-49

1•É••2 + in exp≤ factors graph and the same Bi

Bij> ◦ : ferromagnetic Ipl ≤¥ ⇒ fast mixing .44%-47,23 Big < ◦ : anti -ferromagnetic ↑
this is up to lower-order terms4 ↳4

1-→ 1-+2 Bij the correct threshold

I[j→i] ≤ tanh /Mid) - tank -Hit)≤/Bij /

tanhlx ) = ee¥eé¥E
Remark : Any spin system on 5=11}n
with "soft " binary factors is an

Ising model .
Dist on Ftl} w.p. ✗ exp / tx) has mean

tanhlt) . dtvlvsv
'
) -11%4×1 -1%4×71/2 _

Hardcore model is a limit

for Vsv
'
on 991}
ZIP -ql ={¥↓+¥⇔h¥

,

'
in ten



Dobrushintt Intro to Spectral Analysis

If vector ≤ c- IR;) has CI ≤ 4-8) c Perron
- Frobenius :[for ergodic chains] :

so far 1
⇒ c-Hamming has contraction P has a unique eigenvalue 7

and all others are < 1 in magnitude .
dlx , ✗ J :=Iq1[ Ni)≠x{ is} .

i

Eigenvalues of P ⇒ Bounds on tmix
Proof , ✗

◦g.
×! i couple the same way

will quantify
as before . ^ ¢ P.1=1

☒ [dlxpxitf-tnxo-F.jtnkcj-ci.IT'D •

• / µ .p=µ
• 9

✗
•

so

= n-nl-cj-l-n.LI)j≤ 4- G) Cj = viP=xivihow far from

d( ✗
◦
/ ✗ j ) - boundary are they?

Remark : Every ≥o matrix has > ◦ eisenvector.
v= [civ ; ⇒ vPᵗ= [ qq.tv ;

i
i d

c. I = ✗man
C- This scheme "works

"
if < 1 converges too .

if ✗
max ≤

1-8. [We need Cminkmaa
to be not so small ]



APA
"
- p

Lazification Linear Algebra Fact Symmetric matrices have

real eigenvalues , are diagonal izable , and

p⇒ XP -111 -d)I have orthogonal eigenbasis .^ ^ ¢

Corollary . Time-reversible⇒ real eigenvalues .

•

•

•

•

• > ⇒ • >
•

• Can order : I -_X
, ≥±z≥ 43≥ - -- 7hr7

- I
•

@

Def (spectral gap) : I -Xz or 1- Max /¥ Hnl)
Intuition : It only matters

that Xi are

far from 1 . If Hits / but far from
1
,
Def ( relaxation time:[ I ×,

t
its norm shrinks in lazification

intuitively how fast Xztdecrea""

Time - reversible chains we will see later that in fact ✗
z

dictatetes contraction of some

when P is time- reversible writ . µ we have
quantity called a?divergence .

diag IMP = ← symmetric matrix

diag
's
paint"±dia9lM%?!M¥


