
- Ergodic Flow : Qlx ,y1=µl✗) Play )Review
stationary ⇔ Q is proper flow

- Fundamental Thm of Markov chains
time reversal : flip directions in Q

- Time-Reversible: Qcx , y)=Qly > ✗ )
Ergodic ⇒ ptlxiy) > ◦ Ax ,y ⇒

- Designing Chains
× .>

• 9
pᵗ is contracting in dtv ① Metropolis Rule :

For each ✗ iy , take direction
- Mixing Time with larger ergodic flow and

tmi×(P,Viel := mint / dPjM)≤ E} make excess self- loop

tmix ( PK) : -_ Max /tmi ✗ (Bui) / v} ② Combination with Time- Reversal

tmi.IR E) ≤ tni×(Pit] . 011g _{ ) Plan for Today
d

- Strong Stationary Time : usually not tight
( cutoff ) - finish construction ②

✗
◦

↳ ×
,
→ - -

- -

- Transport Distance
E is strong stationary if Xq - µ even

- Colorings + Path couplingconditioned on It .

9%0=9 - Dobrnshin's conditions
1PM > t] ≤ { ⇒ tmi.ie) ≤t
Hypercube walk mixes in≤nisn-nlg-egion.ly



Quick remark on stationary Times ② Combination with time- reversal

R - [n] ✗ [n] - Distribution µ on R and row-stochastic

Pi (× /y)↳ (ur. ×
'

, y -11 modn) operator NEIR
☐ ✗ R'

← because rise ,
this

↓ 30 is not necessarily a
£

think
"
noise

" Markov chain .

periodic but you can add self loops toy
- Together

stationary M : uniform on Evian]
IT ( ✗ iy )

: = MY Nlxiy)

E : Observe × after first step of chain _
the
"

ergodic flow
" equivalent

and stop anytime after when y hits
Relation between IT and N : Nis .the

that value .

conditional dist obtained from IT -

(b) %)↳ 1×119,1 to - - - ↳ lxa.ly,)
Time -reversal : change ✗↳ y to yi→✗É
N°( y ,×) =

MI × > y) ←
conditional dist(Xqlya)n uniform =p and E≤ n ais .

×✗Ñ
of ✗ I y

But no mixing !

Construction : p=NN◦



Example . (Glauber Dynamics ) Example . (spanning

Trees•.,•-• !-•

11 •E☒|•
•-•

× ⇒ y × ¥¥↑
erase u.ir.

vertex

Chain : Drop ur. from cycle
chain : erase , then recolor erased vertex v. prob

✗ Ml resulting config)×P[ config ⇒

Bayes rue
erased.mil Example

.CH#-a;d-Rer6

!Example . (spanning trees ) convex set

•_o÷ "
ar " line

passing through
✗

I:#
⇒ ¥15
drop ur.

Chain : Draw the & go to ur. point on
edge

chain : drop , then add ur. edge from the cut line segment .



Example . ( Block Dynamics ) Naive Implementation :

•-• !-! - Algorithm to do ✗
◦
N→Y

I ⇒ / - Efficient enumeration of allb-• drop l
•_•|

×
' with Nagy ) > ◦→ need small #-

Chain : Drop lur. , resample those l colors . - Compute MIX
'
)N(✗SY) , normalize
g-

and sample .

up to proportionality
Example . (Full Noise) ✗ N→y

suppose ✗ and Y are independent .

Fact : NN° is always time - reversible

µT✗ÉÉ%p=µi×p[M✗ñN%sHE.g. d=n in block dynamics .

y
Chain : Sample directly from M - =[

'

TH.gg/-t!;;Y-Note the chain has correct stationary y

and mixes perfectly in 1 step ! ↑
Clearly symmetric

Remark : We typically want N to have in ✗ ◦ s Xi
sparse - ish columns :

# { ✗ if Ncxiy ) > ° } = polylg / 181)



Sketchy Example ( Restricted Gaussian Oracle & Langevin Dynamics ) ← if time ,
you don't need

c- Irn µ : density
←
wit- ↳bess" what happens for tiny E? to understand fully

Mlx
'

) expl - {
"¥911} = 041×1,113

/#¥¥ exp /g-ilgmlyl.li/-y) - {
" ×
'-9112 ↓
E-

1- • • a) =

exp / -{ 11×1-9-4019=41112+9-1 . . . )
N : take ✗→ yi= ✗+NG , EI)

addGaussi-an noise this is roughly N(y+E☐lgMW , EI)

N° : y → ×

'

with Prob : Chain : Add N( ◦KI) , move by IBM )

add N / ◦ IEI) .

✗ mix
')e×pf{"Ñ)dx '

In the E→o limit :-
"

"

Restricted Gaussian DX
,
= 719MW -dttrzdwt

[ Lee-Shen -Tian
/ 20] ↑

↑ Brownian motion
Chain : Add noise

, then sample from Don't worry if
notation

is unfamiliar .
restricted Gaussian .

still hard, but
smoother density This is Langevin dynamics .

Similar mechanisms used in score -based models.



We can define a transport distance :

Transport distance
Wlvsv

'

) :=min{E[dlXN)] / ✗ is coupling}
- General strategy to bound mixing time :

Remark : Wp : =min{1E[d(x,y)P]¥1XiY coupling}contraction

but we will deal with Psl .

- % is too crude to contract in one step .

Example . ( total variation )
G•f•←←••R suppose d( × ,g)=/

◦ if ✗⇒
.

Then
↑
,

↑ , if ✗=/y
v
'

w Luv
' ) = d,✓(vsvJ

Idea : Use other measure of distance as

proxy for dgv . Example . ( Hamming distance)

-Today : Transport / Earth -Mover/Wasserstein
A- [9]

"

dllxi-ixnlilyp-ih.lk#5i/Xi=yi}

-
Next : Divergences /Variance /Entropy nunif◦n(•,•o

V ! unison {(• , • , ••,•%•),Ñ• , • I •) }functionalma-b.si
If I has a metric diR✗r→R≥ W/u, v1) ≥ 1-3 . ◦ +1-6.3-1 £ -2--1.5↳

{
dcx > g) =D 191×1 Idk, ✗7=0
dlxi 2) ≤did , g) Idly / 2)



Coloring
we will analyze the Metropolis chain Pi

- Pick vertex v and color cu.a.ir .

Input : Graph G) QGIN
← palette size - If recoloring v to c is proper accept.

Task : Sample /count proper g- colorings
↳
adjacent⇒ not equal Fact : If q ≥ 4A -11 , P contracts

Wasserstein distance .

- NP-hard to even find one !

- Easy when 9 ≥ AIs maximum degree w/ up> vip ) ≤ ftp.yjwlvw
'

)
①-20 * Pick arbitrary ordering

/ \ * color one at a time
-Remark : When

'

) ≥ damn
') miidcxsy)Ix≠y}

③_④ * Always ≥ 1 Choice left g-
So boundigw , bÑd 1 for Hamming

Open : Approx sample /count when 9≥D -11 .

- Remark : Weak contraction does NOT necessarilyOpen : Glauber/Metropolis mix fast for q≥ ☐-12 .

hold for W .

Best known : 971¥ - E) A for A ≥%
Non-Example 1: Non -Example 2:(tree)

d
some tiny number . →•?→•

[Chen- Delcourt- Moitra- Perarnan, _ postie it] •
_•← T•jTÉ¥v1



Warmup Example . (Hypercube)Coupling . ✗
◦
→× ,
→ - - -

x ; → xi→ .
_ .

-start with Xo , ×! "

- Each a faithful run of Markov chain
- Pick same index and

a

same Berck) to replace !q
,- Arbitrary cross-dependence .

that index .

Strategy : For deterministic ¥ , ✗ I find d( ✗◦1×61 -_ i ⇒ ☒[dlxpxi)]=i _ In
↓ = (1-2) i.

one - step couplings 56 .

#diff Goods

☒[ dlxiixi ) ] ≤ a- c) .dk . > xD .

w(vBv'P) ≤ (1--1) Wlvsv
'

)

⇒ w(vBv'P ) ≤ 4-c)WUN
'

) ⇒
a,↓vpᵗ,µ)≤WHEN ≤ 4- t.tw/vsmkn.lt1P

- Sample ✗ I from coupling of Viv
'

- Run the ✗◦Hi - specific coupling to get
⇒ tmi.IE ) ≤ Olnlgntnlgte)

Xisxi .

⇒ w/ vPᵗ,v'Pᵗ ) ≤ 4-c)twlv , v9



Coupling for Colorings tmix ≤ ◦ (q9÷j1gn) for 974A -11 .

-
Take ✗

◦
c- [q]

"
, X§[q]

"

- Pica same proposed v , C for both . Path Coupling [Bnbley - Dyer]
- X ,=✗. with v recolored to Cif valid .

- ✗ i=✗i with v recolored to cifvalid
. Hamming distance is special :

* There is a sparse graph on Rst .
←

Analysis : d : =D (✗
◦
1×1) possibly weighted

dlxiy ) = shortest path in graph .

- Good move : d ↳ d- I

- Bad move :
d ↳ d -11 The graph : ✗my

if ✗ and y differ in

- Neutral move : dtsd exactly one coordinate .

# Good ≥ d. ✗ (9- 2A )→
differing v common available colors

Idea : 0^19 Come up with coupling ford

×
,
, ×! adjacent in the graph , Srt .

# Bad ≤ A → rum neighbors .

↳ c must be color of neighbor lE[d(✗ ,
/ Xp)] ≤did Xi ) . /1- c)

with differing color in Hilo .

E-[dlxixi) ] ≤ d-dtkhd-zdf-d.fi-9%1]



Coupling for adjacent pairs⇒ Coupling for all path Coupling for Colorings [terrain]

This is because W has triangle inequality Tare adjacent colorings ×
.
> ×! _

HW : Show this ! ✗
◦
( w ) = a Xilw )=b Ca≠b]
↓

- Take shortest path ✗
◦=X% , ×!

"
, -1×49=4! differing vertex .

'wtf .li ) P , 1¥;, ,P ) ≤ dfx.li?Xii-'
'

1) a-c) Coupling :

- Pick same vertex v.

⇒ &W(1¥ ,P,1×yi+yP)≤Ed(¥3k
""}Éd%Ñ

- if v=w
, or vxw , pier same

c.

#-
- If viw : good bad

C: '1) 2, - - , ai
- -

>
b , _ _ , q

triangle i≤d(Xoxo
'

)"
⇒ d : iii.→ a#b ,- it
Triangle inequality holds because couplings on ☒[dlxpxi)] ≤ I -In -9¥ + . '-q
a path (generally a tree) can be stitched Piceinsw

g-2A
together to get a global coupling . = I -

q
.

← HW prob As long as q≥ 2A -11 ⇒ tmi✗= 01^9--19 n)
9-92A


