
Review Plan for Today
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Counting Bipartite Planar Perfect Matchings * Get familiar with coupling
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- Finish Fundamental Thin
↑

Biya's scheme - Mixing Time

*Find Pfaffian orientation •- ao-•

- How to Design Markov Chains
= odd fwd edges around•s% ←

root

every face 1 ¥.#
- Colorings

*First do orange edges
•-•-• * time

arbitrarily , then blue
edges , one leaf at a time

.

- Intro to Markov chains

*Transition matrix PEAR
"ʰ

a b c

≥o a•D 's
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* Stationary M : MP=M
* fundamental Thm : ergodic⇒ 4-✓ (Upton)→ o



Fundamental Theorem Proof of Fundamental Tnm

- Irreducibility : Attempt # 1 :

Possible to reach from every ✗
Lemma: d+v( UP, u 'P) ≤ dtvlvsv

'

)
* "" ° "" "* >° "" "

""°

If we could sneak 0.99 we'd be done.
- Aperiodicity :

For large enough t, possible to -0 , up, up} up} _ . ←Cauchy sequence

cycle ✗ → × in exactly 6 d+dvP% 0PM) ≤ o.gg?dnlvnPm-3 ≤ o.gg
"

steps . gcdl lengthen -_ 1
So it converges .

Thmi For an ergodic c.hain P
- Stationary is unique :

3- unique stationary
dist M 4-fMÑ←dµ( MP,µ'P ) ≤o.gg#MiMT '

and for any starting V
Bad Example .

"qq→_•←&←°
Iim d+v(vPᵗ,M)=o
1-→*



Wear Contraction ; d+✓(VBo'P) ≤ 4-✓Gsr} Idea : If no matter ×
. >
× !

,
there

Proof : From HW : is ≥ E chance ×
,
> ✗ i are equal

datum
'

) = min / lP[✗≠H /
"

⇒ dialup , IP) ≤ ( 1- E) datum
'

)
✗
'ni }
↳ coupling ⇒ done !
of V , v1

Let ×
,

- v and ×!- v' (not indep . ) This is not true in general , but true

for t steps of P ( pt) :
Evolve to get × ,~vP ,

✗ inv 'p
- Ergodic ⇒ for all large enough t,

- If ✗
◦

= Xi use same transition pt has > ◦ entries

- Otherwise evolve independently . - There is > o chance of collision .

× ,≠x
'

,
⇒ ✗

◦
=/Xi , so - d+✓(vPᵗ,v'P )t ≤ ( i - e) datum '

) .

p[ × ,≠xi ] ≤ lP[x◦≠×i]



V= Bercp)
◦ →[

É % u
'
-

- Berat
1- c d

Atb=p
a -1C -_q

a- D= tp bids 1-E

conditions}min/gib / subito
↑



Why ergodic ⇒ Pt > ◦ for target Mixing Time

For E > o define

€
;# tm;×(Bo , e)= min {1-14-40

PIN ≤E}
y

1-
mix
( Ps E) =maxfomi.BZ E) / U }

7- loops of all ten l ≥ lo .

We usually want tmiipolylg ( IRI)⇒ 3- ✗→y paths of all ten ≥ lil
'

. ↓

because this is

exponential .

Note , Irreducible ⇒ All × 's have same
what about dependence on E ?

period .

Thin : It's always logarithmic in toReminder : A periodicity is easy to get . %
• decreasing by weak contraction

p ⇒ P- .

Be

an, •% ;
below <{_

. _ .⇒
≤E



This lets us talk tmix without In other words

specifying E. d*(vPTiPᵗ)≤}v > v') .

1-
mix
:< +

mix
/ ⇐

arbitrary <{
⇒ d+✓(vP%iÑᵗ)≤ (2-3)%+4%1

Proof , Let t ≥tmi×(B 's ) .

For any starting points ✗
◦ i ×! Let k= 1g 'z and V'≤µ .

if ✗*¥ are f-step evolutions
Thin: tmi×(E) ≤ 1-mid 's) . 0119£ )

⇒ d+↓✗+¥≤ 4- MHdi-rl.NET
this is why Remark : Usually in our examples ,

≤ 2-3 ≥{ doesn't"
"

this is not tight %
Now take coupling ×

.
>Xi of Vidi darn jinny window

- If equal evolve identically .

"

-2 cutoff phenomenon
- Else couple evolutions .

lP[Xt≠✗;] ≤ }P[%≠X ;] %



Example . (Hypercube) @
← stationary→

"""ear. ord ggfg
" """" ≤⇒ =

P[E=o]dist( ✗◦ lE=o)Pᵗ+ - HP[E=ᵗ]dist(11+19=4
by Ber (1-2) - ◦ to IPCEET]

✗
◦
→ ×

,
↳ - -

- @•-?1 Now couple ✗
+
with Mi

If E. ≤to perfect coupling
◦ • ◦ ◦ ◦ 1 Else , arbitrary coupling

×
,

- - - ✗
n

×
,
- - Beltz) - - ✗

n
'→

dtvllt > µ) ≤ PEE >t] .

Be-1£ ) - - - Betty - - ✗n'→ - -
.

Define Ei First time we touched all coords . Hypercube : PEE >t] ≤ n 11 - In )t
d Y

' #cohorts prob of not

Dist / Xq / 5- K) = Uniform ± ne
touching @ord i

↑

this manes E strong stationary [**← Dia
" is]
⇒ tmi×(E) ≤ nlgn + nlgte

→ much better

lemma : IP / E > t] ≤ E ⇒ tmixlE) ≤t ' Next HW : show tmi×≥r(nlgn) . dependence one.

Proof : Xf conditioned on 4ft ~ stationary Note :This is NOT proving cutoff !



How to Design Markov Chains Proof .
§µ(✗)P(✗ g) = { My )Plyiz)=M9)✓

Main Criteria : Correct stationary Dist ! Time -Reversible / Detailed Balance :

When Qlxsy )=Q(g. ×) ⇒ flow is proper !
Ergodic Flow : For dist µ and Markov

☒
Chain P

, define µ(✗)P(✗,y)=Ml9)Pl9i✗)

Qlxiy ) = Ml✗)P( ✗ 'Y) Reversible = Random Wake on Undirected Graph

probm→flowing
One step of P : Pick y wp . ✗ Qlxsy)

from ✗ →Y ← Random Wak

Conversely : If Q is symmetric and defined ↳Q
Lemma

. µ stationary Q is proper flow
& P is random walk defined by Q ,

Example .
incoming ≤ outgoing

,
'-9 MIX ) ✗ { Qcxiy ) ⇒ Mk) Pay ) ✗ Qlx,y)

.

µ✗=¥q
µ

My=¥E Example .

Non-Example .

÷. ÷+÷↑
:

" •
a @•

.@g-pqq⇒2P-pPtgpig
° "

a|%-? , ↓i.
wog:3 ¥i

.



Time - Reveral Recipe for
/

time several :

- Revert directions in ergodic flowia:-
- Equivalently define-

.
. Xo - X

,

- ✗2-✗3m
- M ly) Ply , × )

←
P{ ✗ sy ) =⇒-

independent ←
prob transition as long as

conitioned on ✗2
MP=µ .

- " "" " """" "" """" ' """""Under detailed balance
,
time- reversal

(✗ is Xi, , )
are distributed the

results in P'=P .

detailed balance = time-reversible ≤

lfwereversetime-btpper.es undirected random walk

still hold . Soobservingmarrov.ch#a-eqiibrinmi-.-Xz-Xz-✗
,

- ✗
◦

-
- - -

- Detailed balance : can't tell direction of time

¥Ñ

, a.µ ,, , a.
µ , , ,µµ, , qq.gg

is at#run of a Markov chain

at equilibrium .



Many Markov chains we study will be Example . (coloring )
time - reversible

. Using detailed balance

we can design Markov chains with

µ : uniform over valid colorings
given stationary distributions

.

P : pick u.a.ir. V and a.a. r. C and

② Metropolis Rule :
color V using C.

Suppose P doesn't necessarily have •-• v: bottom-right •_•

,
µ as stationary Dist . Define P

'
: £!⇒ b- •

P'( × ,y ) : = min / 1 , MY )P↳ > ×) } . Play) Metropolis Rule :
whet x≠y Ñl✗)Pl✗ ' 9)

Accept transit it ion w . prob
⇒ MIX )P{✗ / g) = My )P4y , ×) accept/reject

filter
mink, Mµ¥, .PL?;Y-#=1Esvalid]

✗•§
excess p

,

⇒ I.E. •
assume ✗ valid .

Note : Only need to know M proportionally .



② Combination with time - reversal Example . (Glauber Dynamics )
•-• !-•Suppose dist IT on RXR

'

l IWant : Marginal on R as stationary dist . |•_↓
•-•

d

we typically describe MY - IT by × ⇒ Y
erase u.ir.

dist (x ) and distlylx) vertex

Chain : Recolor erased vertex v. prob
construction :

one step
✗ Mlresulting config)

✗ →Y_→X ,
←

◦ ddstlylxjdisl-H.ly) Bayes Rule

if IX.,yj~T if lxpy) it

d = £7419 ☒×
⇐""P" ' "Panning trees )

Qlxo / ✗ 1) =[ [ §,M%iyj . TIKI .
they]

•E☒
↓ar.u.r.FI#*distMlHprob / ✗◦→YI × ⇒

edge
=[ [ "*°?,¥%-]← reversible

Chain : Add ur. edge from the cat
y


